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The first-passage-time (FPT) that a tumor size reaches a particular barrier is important in evaluating 
the efficacy of anti-cancer therapies and understanding certain oncological time occurrences. 
For certain verified stochastic models describing the volume of a tumor, a moving barrier for the 
tumor size in which an explicit solution of an FPT probability density function (PDF) exists for the 
first time the tumor size reaches the moving barrier is obtained in this work. The stochastic tumor 
dynamics incorporate anti-cancer therapies/treatments that are administered at varying rates. The 
first-passage-time density (FPTD) is derived and utilized to determine the time at which the tumor 
volume first reaches the moving barrier, providing a framework for analyzing various oncological 
time metrics. These metrics include key time measurements used to characterize tumor progression, 
evaluate treatment response, and capture recurrence patterns in cancer dynamics. The treatment 
effort needed to cause reduction in tumor size is also obtained. We obtained, for a tumor growing 
initially, the FPTD for the random variables describing the first time that the growth of the tumor 
starts slowing down following the commencement of treatment, the first time that the tumor starts 
showing signs of shrinkage after the start of treatment, the first time it takes for the reduction in 
tumor to start slowing down, and the first time for tumor recurrence after partial remission. This work 
is applied to experimental data including the Murine Lewis Lung Carcinoma cells originally derived 
from a spontaneous tumor in twenty control mice. The time at which the volume of the tumor of each 
mouse doubles in size is estimated using the results obtained in this study. Additionally, tumor volume 
experiments conducted on another eight control mice are used to validate the findings derived in this 
study.
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Stochastic models play a crucial role in understanding the random nature of tumor growth and therapy 
resistance, providing deeper insights into the evolutionary dynamics of tumors. These models are essential in 
capturing tumor cell population heterogeneity, accounting for random mutations, and simulating the stochastic 
effects of the tumor microenvironment. By incorporating stochastic dynamics, researchers can better predict 
treatment responses and optimize cancer therapies.

Tumor growth is influenced by multiple random factors, including cell mutation, cell division, genetic drift, 
and random interactions within the tumor microenvironment. The growth dynamics of individual cells in 
early tumor development are subject to genetic mutations and stochastic fluctuations that cannot be precisely 
predicted. These mutations can significantly alter proliferation rates or drug resistance in specific tumor cells, 
resulting in substantial variability in tumor growth. A defining characteristic of cancer is the heterogeneity of 
tumor cells, where individual cells within the same tumor exhibit different growth rates, drug responses, and 
therapy resistances. This heterogeneity arises from stochastic processes such as random mutations, epigenetic 
modifications, and unpredictable interactions between cells and their microenvironment.

Albano et al.1 highlighted the discrepancies between clinical data and theoretical predictions due to varying 
environmental fluctuations, emphasizing that ignoring such fluctuations can lead to inadequate therapies. 
Gatenby et al.2,3 further discuss how genetic instability and random mutations contribute to intra-tumor 
heterogeneity, making tumor growth and therapy resistance unpredictable. The heterogeneity and evolutionary 
adaptability of tumor cell populations necessitate treatment strategies that account for the stochastic nature 
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of cancer progression. The emergence of drug resistance is a stochastic process, wherein random mutations 
grant survival advantages to select cells. These resistant cells proliferate, ultimately causing treatment failure. 
Understanding these random dynamics is crucial for developing strategies to prevent or delay resistance. Since 
deterministic models often fail to capture the inherent probabilistic nature of these systems, stochastic models 
provide a more realistic and detailed framework for describing biological phenomena.

The timing of the first tumor remission or reduction is critical for understanding cancer behavior, particularly 
in relation to cancer stem cells (CSCs). CSCs represent a small population of tumor cells with self-renewal 
and differentiation properties, contributing to tumor initiation, progression, relapse, and metastasis. Time to 
Response (TTR) quantifies the duration required for the tumor to show signs of shrinkage after treatment 
initiation. A Partial Response (PR)4 is typically defined as a significant reduction (usually at least 30%) in 
tumor size, as measured through imaging techniques such as CT scans, MRI, or PET scans. When cancer 
enters remission, the majority of rapidly dividing tumor cells may be eradicated, yet CSCs might persist. This 
persistence explains why tumors may shrink temporarily but still have the potential to recur if CSCs are not 
entirely eliminated. A short remission period suggests that CSCs were not effectively targeted or removed by 
treatment, whereas an extended remission period indicates either a successful therapy in controlling CSCs or a 
reduced ability of the remaining CSCs to repopulate the tumor. However, many cancers exhibit a tendency to 
relapse years after remission, particularly if dormant CSCs become reactivated. 

Cancer remission time is typically defined as the period during which cancer symptoms are reduced or 
remain stable. While remission is often associated with a specific timeframe (usually at least one month), the 
exact timeline depends on the cancer type and treatment protocol. Remission duration serves as a key marker 
for evaluating treatment success, assessing relapse risks, and guiding personalized follow-up care. A complete 
remission is achieved when treatment effectively eliminates detectable cancer cells, confirmed through imaging, 
blood work, or biopsies. Conversely, recurrence or relapse occurs when cancer returns after a disease-free or 
partial remission period, often due to the survival and subsequent growth of CSCs or resistant tumor cells under 
favorable conditions.

Assessing the effects of cancer treatment is a critical clinical necessity for evaluating remission occurrence in 
cancer patients. These assessments aid in understanding tumor growth delay and optimizing treatment schedules. 
Several methods1,5–8 have been proposed to evaluate these measures. One approach involves calculating tumor 
doubling time (DT) or half-life (THL), which represent the time required for a tumor to double or reduce to half 
its original size, respectively. In deterministic models, a shorter DT signifies faster tumor growth. In stochastic 
models, where tumor dynamics follow stochastic processes, the calculation of DT and THL is extended to 
determine the expected first time a tumor reaches a particular barrier.

A First Passage Time (FPT) model can effectively describe the time required for a tumor to shrink under 
treatment, offering insights into the timeframe for remission occurrence. Cancer progression and remission 
are inherently stochastic processes, where tumor growth or shrinkage is random. FPT models predict when a 
tumor is likely to reach a specific size or remission threshold while accounting for variability in tumor response 
to treatment. These models provide valuable clinical insights for designing personalized cancer treatment plans, 
optimizing therapeutic strategies to maximize remission duration, and minimizing recurrence risks. Several 
mathematical and statistical methods5–7,9,10 have been developed to calculate the first time

	
τ

S(t)
X =

{ inf{t ≥ 0 X(t) > S(t)}, if X(t0) = x0 < S(t0),
inf{t ≥ 0 X(t) < S(t)}, if X(t0) = x0 > S(t0)

a stochastic process X(t) reaches a moving barrier S(t), starting from x0. In tumor dynamics, the moving barrier 
S(t) can be thought of as a threshold of tumor size or a critical number of mutations that a tumor must overcome 
to transition into a more aggressive or resistant state. The tumor cells might reach this critical size or threshold 
at different times due to random growth rates and mutations. As the tumor grows, it is effectively moving toward 
a barrier which is also evolving with time due to external factors like treatment, immune response, or tumor 
micro-environment changes. Let g(S(t), t|x0, t0), f(x(t), t|x0, t0), and F (x(t), t|x0, t0) be the first passage 
time density function (FPTD), the transition, and the cumulative probability distribution of the process X(t) at 
time t, respectively. According to the work of Jáimez11, the FPT p.d.f. g(S(t), t|x0, t0) for one-dimensional time-
homogeneous diffusion process through varying boundary S(t) satisfies a new Volterra integral of the second 
kind

	
g(S(t), t|x0, t0) =

{
−2ψ(S(t), t|x0, t0) + 2

∫ t

t0
g(S(τ), τ |x0, t0)ψ(S(t), t|S(τ), τ)dτ, x0 < S(t0),

2ψ(S(t), t|x0, t0) − 2
∫ t

t0
g(S(τ), τ |x0, t0)ψ(S(t), t|S(τ), τ)dτ, x0 > S(t0),

� (1)

where

	
ψ(S(t), t|y, τ) = 1

2f(S(t), t|y, τ)

[
S′(t) + 3

4
∂A2(x, t)

∂x

∣∣∣∣
x=S(t)

− A1(S(t), t)

]
+ 1

2A2(S(t), t) ∂

∂x
f(x, t|y, τ)

∣∣∣
x=S(t)

� (2)

A1(x, t) and A2(x, t) are the drift and infinitesimal variance of X(t), respectively. The theory of first-exit 
times was used in the work of Tuckwell12 to obtain differential equations for the moments of the first-passage 
time (FPT) of a Markov process to a barrier S(t). The dynamics of the finite moments Mn(x, y) = E[T n(x, y)] 
(of order n ≤ n0) of the first passage time T (x, y) = inf{t | x(t) = S(t) | X(0) = x < y = S(0)} the 
process x(t) (satisfying the stochastic differential equation with drift and infinitesimal variance A1(x) and 
A2(x), respectively,) first hits the moving barrier S(t) satisfying the scalar ordinary differential equation 
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dS
dt

= γ(S), S(0) = y were obtained to satisfy a recursion system of equations. The problem with this method 
is getting the appropriate boundary condition satisfying the recursion system.

Several tumor models (with treatments administered at a constant rate) were considered in the work of 
Otunuga13. These models were used to capture the path of the volume of breast cancer obtained by orthotopically 
implanting LM2-4LUC+ cells into the right inguinal mammary fat pads of 6-to 8-week-old female SCID (Severe 
Combined Immuno-Deficient) mice. It was shown that the models demonstrated excellent goodness-of-fit in 
all the tumor specimens considered. In this work, we extend the models to include varying treatment rates and 
study the first-passage time the volume of the tumor first reaches a certain moving barrier. The moving barrier 
could represent immune system dynamics, which may become more aggressive or less effective, or the changing 
nature of drug resistance in the tumor cells. In the case of therapy, tumor’s growth rate or dynamics can be 
modified due to therapies, effectively shifting the barrier in a time-dependent manner. The moving barrier S(t) 
in this sense could represent how therapies, such as drug doses, alter the critical point at which the tumor’s 
progression transitions to a more aggressive form, or when resistance arises. The moving tumor barrier upon 
which an explicit FPTD distribution exists is also derived in this work. Formulas and procedures for calculating 
the distribution of the first time that the growth of the tumor starts slowing down after the start of treatment, the 
first time that the tumor starts showing signs of shrinkage after the start of treatment, the first time it takes for 
the reduction in tumor to start slowing down, and the first time for tumor recurrence are obtained in this work. 
The average age of the tumor when it first reaches the moving barrier S(t) is also obtained.

The remainder of this paper is set out as follows. We first obtain and analyze the distribution of the age that 
a tumor with volume satisfying a generalized stochastic Gompertz dynamic first reaches a moving barrier. The 
moving barrier S(t) for which the closed form FPTD exist is also derived. In the presence of treatment, we 
consider the volume of a tumor satisfying a stochastic Gompertz model with a varying treatment rate. This 
is used to obtain the distribution of the age the tumor reaches a moving barrier. The FPTD provides insights 
into the effectiveness of interventions. It is also used to calculate the first recurrence time of the tumor after 
a partial remission, which can help in optimizing follow-up schedules and maintenance therapy. The result 
is used to analyze how long the tumor responds to treatment before resistance occurs, and in estimating the 
duration of chemotherapy effectiveness. The minimum amount of treatment needed to cause reduction in tumor 
size average is also obtained. For tumor volumes satisfying generalized stochastic logistic models with varying 
treatments, the expected time that the volume first reaches a certain barrier is calculated. A similar work with 
a modified stochastic model is discussed in a later section. A major contribution of this work lies in obtaining 
a closed-form expression for the FPTD for the first time a tumor size reaches a moving barrier. The work done 
here is applied to experimental data, with conclusion given in the last section.

Methods
The FPT distribution plays a crucial role in modeling and understanding tumor growth dynamics, particularly in 
predicting critical transitions such as the time required for a tumor to reach a detectable size, invade surrounding 
tissues, or respond to treatment. Since tumor progression is inherently stochastic, FPT provides a powerful 
mathematical and statistical framework for studying these random processes in oncology. Obtaining closed-
form expressions for First Passage Time distributions and barriers are vital for understanding tumor growth, 
optimizing detection strategies, predicting treatment outcomes, and improving computational efficiency. By 
integrating these solutions into clinical decision-making, researchers can advance personalized cancer treatment 
and enhance early diagnosis, ultimately improving patient outcomes. In this section, we obtain results for the 
FPTD density for the first time a tumor size reaches some biological realities (moving barriers) where the 
threshold for tumor progression or treatment failure is not static. Unlike a constant barrier, the importance 
of obtaining a closed expression for moving barriers is more emphasized in the capturing treatment-induced 
resistance and relapse, and in improving predictions for metastasis timing. It accounts for increasing resistance 
thresholds, where more resistant cells require higher drug doses to be controlled. It also helps in predicting 
delayed relapse prediction, since tumors may shrink initially but later rebound when resistance crosses a critical 
level. In targeted therapy, resistance barriers increase as mutated cells evade drug action. A constant barrier 
would fail to capture this gradual resistance buildup.

In the early stages of tumor development, tumor grows exponentially, doubling in size in a very short amount 
of time. Both Gompertz and logistic models capture this rapid growth, but the Gompertz model allows for 
more realistic early growth because its exponential component reflects a rapid increase in growth in the initial 
phase, followed by a rapid deceleration. To obtain closed form expression for the moving barriers and FPTD, 
we consider stochastic models following different variants of generalized logistic and Gompertz models in the 
following sections.

Distribution of tumor age with volume satisfying generalized Gompertz dynamic
A tumor behavior, where the growth rate initially accelerates and then slows as resources (like nutrients, blood 
flow, and oxygen) become limited and the tumor reaches a limiting constant value follows the description 
of the Gompertz model with the property that growth is slowest at the start and end of a given period, with 
the growth at the end approached much more gradually than the starting time. In the absence of treatment, a 
stochastic analog of the generalized Gompertz model due to the effects of toxicants on a population in a random 
environment was developed in the work of Otunuga13 to follow the equation

	 dx = rx (log K − log x)c dt + σx (log K − log x)c ◦ dW (t), x(t0) = x0 > 0, t ≥ 0,� (3)

using the Stratonovich calculus, where c > 0 is the shape parameter, and W(t) is a Wiener process, a standard 
Brownian motion. With an appropriate value for the shape parameter c, the Gompertz model (3) is appropriate 
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to measure the volume of tumor undergoing spontaneous remission, a rare phenomenon where a tumor shrinks 
or disappears without any treatment. In the drift part rx (log K − log x)c, the case c = 1 describes the standard 
Gompertz growth. If c > 1 however, the growth rate slows down much faster as the tumor size approaches 
its carrying capacity. If c < 1, the growth rate decays more slowly, allowing the tumor to grow larger before 
growth suppression kicks in. The noise term σx (log K − log x)c ◦ dW (t) captures the high uncertainty in 
tumor growth during early stages. This uncertainty may arise from factors such as competition among different 
subpopulations of cancer cells for limited resources, immune responses where the immune system recognizes 
and attacks the tumor, or dynamic changes within the tumor microenvironment that influence tumor growth 
and regression. The parameter c acts as a stochastic growth dampener or amplifier. In higher c settings, tumors 
stabilize quickly with less chance of recurrence, while in lower settings, tumors exhibit persistent stochastic 
fluctuations, increasing recurrence or uncontrolled growth. Here, we aim to study the first-passage time (FPT) 
that a population or tumor size first reaches a certain size, or to calculate the age of the tumor size.

For some arbitrary continuous barrier S(t), let

	
τ

S(t)
X =

{ inf{t ≥ 0 : x(t) > S(t)}, if x0 < St0 ,
inf{t ≥ 0 : x(t) < S(t)}, if x0 > St0 , � (4)

be the FPT of the process x(t) through the boundary S(t), and let g(S(t), t|x0, t0) be the corresponding first 
passage time probability density function. Also, let f(x, t|x0, t0) be the transition probability density function 
for the process x(t) at time t with initial value x0. Here, the drift and the infinitesimal variance A1(x, t) and 
A2(x, t) are given by

	

A1(x, t) = rx
(
log K

x

)c + σ2

2 x
(
log K

x

)c
((

log K
x

)c − c
(
log K

x

)c−1
)

,

A2(x, t) = σ2x2 (
log K

x

)2c
,

� (5)

respectively, for c ≥ 1. The transition PDF f(x, t|x0, t0) is obtained as

	

f(x, t|x0, t0) =





1
x log(K/x)σ

√
2π(t−t0)
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(

−
(

log
(

log(K/x)
log(K/x0)

)
+r(t−t0)

)2

2σ2(t−t0)

)
, x ∈ (0, K), if c = 1,

exp


−

(
(log K

x )1−c−
(

log K
x0

)1−c
−(c−1)r(t−t0)

)2

2σ2(c−1)2(t−t0)




σ
√

2π(t−t0)x(log K
x )c

(
1−Φ

(
−
(

log K
x0

)1−c
−r(c−1)(t−t0)

σ|c−1|
√

(t−t0)

)) , x ∈ (0, K), if c > 1

� (6)

where Φ(x) = 1√
2π

∫ x

−∞ e− z2
2 dz is the cumulative distribution function (CDF) of the standard normal 

distribution. Assuming S(t) ∈ C2(t0, +∞), the moving barrier S(t) can be obtained from the equation

	
lim
τ↑t

ψ(S(t), t|S(τ), τ) = 0 ∀t, τ, t0 ≤ τ < t,� (7)

where ψ(S(t), t|y, τ) satisfies equation (2) and the functions Ai(x, t), i = 1, 2, and f(x, t|x0, t0) are obtained 
in (5) and (6), respectively. The general solution S(t) satisfying the ordinary differential equation

	




S′(t) + S(t)
t−τ

ln
(

K
S(t)

) [
ln

(
ln

(
K

S(t)

))
− ln

(
ln

(
K

S(τ)

)))
= 0 if c = 1,

S′(t) + S(t)
(c−1)(t−τ)

((
ln K

S(t)

)c (
ln K

S(τ)

)1−c

− ln K
S(t)

)
= 0 if c > 1

is obtained as

	
S(t) =

{
K exp

(
−MeQ1t

)
, if c = 1,

K exp
(

−
(
M1−c + Q1(1 − c)(t − t0)

) 1
1−c

)
, if c > 1,

� (8)

for some constants M ∈ R, Q1 ≥ 0. It can be shown that 

lim
c→1

K exp
(

−
(
M1−c + Q1(1 − c)(t − t0)

) 1
1−c

)
= K exp

(
−MeQ1t

)
.

Significance of the moving barrier S(t)
In oncology, an exponentially growing barrier in the absence of treatment can represent an increasing resistance 
threshold to immune system or a growing tumor control threshold due to mutations. On the other hand, a 
decaying barrier can represent the shrinking threshold for tumor remission due to the influence of the immune 
system in the absence of treatment.
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Theorem 1  The first time that a tumor with volume x(t) satisfying (3) reaches the barrier S(t) follows the proba-
bility density function

	

g(S(t), t|x0, t0) =





∣∣log(M)−log
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log
(

K
x0

))∣∣
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√
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(
K
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2σ2(t−t0)

)
, if c = 1,
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(

log K
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)1−c
∣∣∣

σ|c−1|
√

2π(t−t0)3
exp


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1
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(
M1−c−

(
log K
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)

−(Q1+r)(t−t0)
)2

2σ2(t−t0)


 , if c > 1

� (9)

The average first time the tumor reaches the barrier S(t) is obtained as

	

E
[
τ

S(t)
X |x0

]
=




t0 +
∣∣log(M)−log

(
log

(
K
x0

))∣∣
(Q1+r) , if c = 1,

t0 +

∣∣∣M1−c−
(

log K
x0

)1−c
∣∣∣

|c−1|(Q1+r) , if c > 1,

� (10)

with average age calculated as E
[
τ

S(t)
X |x0

]
− t0.

Proof  Following the work of Jáimez et al.11, the Volterra integral equation (1) reduces to

	 g(S(t), t|x0, t0) = 2|ψ(S(t), t|x0, t0)|,� (11)

where ψ(S(t), t|x0, t0) is as defined in (2). The FPTD (9) follows by substituting (5), (6), and (8) into (2). The 
mean age is calculated by evaluating 

∫ ∞
t0

t g(S(t), t|x0, t0) dt − t0. □
Figure 1a shows a single sample path of the tumor volume x(t) satisfying (3) together with the barrier S(t) 
in (8) for the case c = 1.2 and the first passage time the tumor size reaches the barrier S(t). Here, K = e1

, intrinsic growth rate r = 1, x0 = 1.5, and noise intensity σ = 0.3. Using the same parameters, the graph 
of the histogram of the first passage time τS(t)

X  and the probability density function g(S(t), t|x0, t0) of the 

first passage time the process x(t) reaches the barrier S(t) = K exp
(

−
(
M1−c + Q1(1 − c)(t − t0)

) 1
1−c

)
 is 

shown in Fig. 1b using M = log K
S0

, Q1 = 0.5r/(1 − c), S(t0) = S0 = K/3. To verify the validity of the FPTD 
g(S(t), t|x0, t0), we plot the histogram of the first time the sample path {xl(tj)}N

j=1 (derived by discretizing 
(3) using Milstein scheme) first reaches the moving barrier {S(tj)}N

j=1, for l = 1, 2, · · · , L simulations, with 
L = 70, 000 simulations and N = 5, 000 sample points. In the absence of treatment, the first passage time 
density analysis on an exponentially growing barrier in oncology provides insights into the natural progression 
and aggressive behavior of untreated tumors. In this context, the exponentially growing barrier represents the 
natural unchecked growth of the tumor size threshold (often driven by cellular proliferation, angiogenesis, or 
metastatic spread) in the absence of treatment. In some cancers, especially aggressive tumors, the tumor may 
develop immune evasion mechanisms allowing unchecked growth. The barrier S(t) in that case may represent 
the rapidly growing tumor size threshold under immune evasion or accelerated proliferation.

Fig. 1.  Plot of the FPT probability density function g(S(t), t|x0, t0) and the histogram distribution of τS(t)
X  

(Case: c > 1).
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A special case of (8) is the case where M = ln K
x0

 and Q1 = −r. For this case, the barrier S(t) describes the 
tumor volume in the absence of noise. That is, the solution of the deterministic equivalent

	 dx = rx (log K − log x)c dt, x(t0) = x0 > 0, t ≥ 0,� (12)

of (3) derived by setting σ = 0.
Another special case of (8) can be derived by setting Q1 = 0 and M = ln 2K

x0
 and M = ln K

2x0
. In this case, 

S(t) reduces to half or twice the initial volume size.
We calculate the distribution and expectation of the age that x(t) first reaches the size S0 in Theorem 2 below.

Theorem 2  The age that a tumor with volume x(t) satisfying (3) first reaches the size S0 follows the probability 
density function

	

g(S0, t|x0, 0) =
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
 , t > 0, for c > 1.

� (13)

The mean age is obtained as

	

E
[
τS0

X |x0
]

=



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r
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−

(
log K
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|c−1|r , t > 0, for c > 1.

� (14)

Proof  The proof follows by setting S(t) = S0 and evaluating g(S0, t|x0, t0). □

Doubling time
The distribution of the first time a tumor size doubles in initial size can be calculated using (13) by setting 
S0 = 2x0. In this case, the doubling time FTPD is
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(2x0)

)1−c
−

(
log K

x0

)1−c
∣∣∣

σ|c−1|
√

2π(t−t0)3
exp


−

(
1

c−1

((
log K

(2x0)

)1−c
−

(
log K

x0

)1−c
)

−r(t−t0)
)2

2σ2(t−t0)


 , t > t0, for c > 1.

� (15)

Distribution of tumor age with volume size satisfying Gompertz model with treatment
The generalized stochastic Gompertz model (3) describes the natural growth of a tumor, without taking into 
account the impact of therapies like chemotherapy, radiation, or immunotherapy. Adding treatment terms allows 
the model to reflect more realistic tumor dynamics, making it possible to predict the effectiveness of a given 
treatment over time. Incorporating treatments into the model allows for the calculation of the time it takes for 
therapies to alter the tumor growth dynamics. In the presence of treatment administered at regular time period, 
we consider the stochastic Gompertz model describing a tumor with volume size x(t) ∈ (0, ∞) satisfying

	
dx =

{ (rx (log K − log x) − E(t)x) dt + σx dW (t), x(t0) = x0 > 0, t ≥ 0, It ô Form ,
(rx (log K − log x) − E(t)x) dt + σx ◦ dW (t), x(t0) = x0 > 0, t ≥ 0, Stratonovich Form , � (16)

where the anti-tumor treatment/therapy rate is assumed to be proportional to the size of the tumor, with time-
varying tumor harvesting effort function E(t) that measures the treatment efficacy/intensity at a given time t. A 
similar model is discussed in the work of Otunuga13 (with constant rate E) and Albano et al.14,15.

Several models16–19have been developed to describe the effects of treatment in eradicating or slowing tumor 
growth. Chemo-kinetic models focus on the time-dependent dynamics of drug concentrations and their 
effects on tumor cells. These models incorporate pharmacokinetics16-how drugs are absorbed, distributed, 
metabolized, and eliminated-and pharmacodynamics, which describes their impact on tumor cells over time. In 
cancer immunotherapy, the generalized exponential power function-the product of an exponential decay and a 
power function-can effectively model the behavior of Chimeric Antigen Receptor T (CAR-T) cells. CAR-T cells, 
genetically engineered to target cancer cells, undergo an initial expansion phase followed by a decline due to 
factors like exhaustion, differentiation, or immune suppression. This dynamic can be captured by the function: 
E(t) = e−λttn, where the power term (tn) describes the rapid expansion of CAR-T cells, and the exponential 
decay (e−λt) represents their decline. If tumor harvesting occurs at a constant rate, the drug concentration E(t) 
follows: dE

dt
= κ1, where κ1 represents the infusion rate. Assuming uniform drug distribution, the concentration 

can be modeled by an exponential decay: dE
dt

= −κeE(t), where κe is the drug elimination rate constant. When 
continuous infusion is considered, this extends to dE

dt
= κ1 − κeE(t), where κ1 is the infusion rate. To account 

for drug resistance, the model can be further modified as: dE
dt

= −(κe + κa)E(t) + κrEinfusion(t), where 
κe and κa represent elimination and absorption rates, and κrcharacterizes the rate of resistance development. 
Other PK-PD (pharmacokinetic-pharmacodynamic) models18,19 incorporate more complex interactions 
between drug concentration and tumor response. In cases where drug elimination becomes saturable, 
particularly at high doses or when enzymatic metabolism is limited, the concentration follows Michaelis-
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Menten kinetics: dE
dt

= −r E(t)
κm+E(t) , where r represents the maximum drug metabolism rate. These models 

provide crucial insights into optimizing drug delivery, improving treatment efficacy, and understanding tumor 
response to therapy.

In the presence of treatment, the model (16) can be re-written in the Itô form

	 dx = (rx (a(t) − log x)) dt + σx dW (t),� (17)

where

	
a(t) =

{
log K − E(t)/r, It ô Form ,

log K − E(t)/r + σ2

2r
, Stratonovich Form .

The solution of (17), obtained as

	
x(t) = exp

(
e−r(t−t0) ln x0 + r e−r t

∫ t

t0

µ(ξ)er ξ dξ + σe−rt

∫ t

t0

ersdW (s)
)

,

has a log-normal distribution with mean µX(t) = E [x(t)|x0] and median=md(t) satisfying

	

µX(t) = exp
(

e−r(t−t0) ln x0 + r e−r t
∫ t

t0
µ(ξ)er ξ dξ + σ2

4r

(
1 − e−2r(t−t0)))

,

md(t) = exp
(

e−r(t−t0) ln x0 + r e−r t
∫ t

t0
µ(ξ)er ξ dξ

)
,

� (18)

where

	
µ(t) = a(t) − σ2

2r
.

Since x(t) > 0 a.s., the process

	 V (x) = ln x

satisfies

	 dV = r (µ(t) − V ) dt + σdW (t), V (t0) = v0.� (19)

Let

	
τ

H(t)
V =

{ inf{t ≥ 0 : V (t) > H(t)}, if v0 < H(t0),
inf{t ≥ 0 : V (t) < H(t)}, if v0 > H(t0), � (20)

be the first passage time (FPT) of the process V through a moving barrier H(t), and let gV (H(t), t|V0, t0) be the 
corresponding first passage time probability density function. Define

	 S(t) = eH(t).� (21)

Since the logarithmic function is continuous and invertible on the positive real line, it follows that

	 τ
S(t)
X = τ

H(t)
V

� (22)

corresponds to the first passage time of the process x(t) through the boundary S(t) in (21). The probability 
density function for the FPT τS(t)

X  of x(t) through the boundary S(t), denoted by gX(t|x0, t0), can be calculated 
to be the same as gV (H(t), t|v0, t0). Define

	

M(t, v0, t0) = e−r(t−t0)v0 + r e−r t
∫ t

t0
µ(ξ)er ξ dξ,

Σ2(t, t0) = σ2

2r

(
1 − e−2r(t−t0)) ,

Y (t, v0, t0) = r µ(t) − σ2M(t,v0,t0)
Σ2(t,t0) ,

Z(t, t0) = r − σ2

Σ2(t,t0) .

� (23)

The transition probability density function of the process V(t) is obtained as

	
fV (v, t|v0, t0) = 1

Σ(t, t0)
√

2π
exp

(
− (v − M(t, v0, t0))2

2Σ2(t, t0)

)
, v ∈ (−∞, ∞).

The moving barrier H(t) for which an explicit solution gV (H(t), t|v0, t0) exists satisfies the ordinary differential 
equation
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	 H ′(t) + Z(t, τ) H(t) − Y (t, H(τ), τ) = 0,

with general solution

	
H(t) = e

−
∫ t

Z(ξ,τ) dξ
(

A +
∫ t

Y (φ, H(τ), τ) e

∫ φ
Z(ξ,τ) dξ

dφ
)

, � (24)

where A is a constant. Using (11), the FPT p.d.f. of the process V(t) through the boundary H(t) is obtained as

	 gV (H(t), t|v0, t0) = fV (H(t), t|v0, t0) · |H ′(t) + Z(t, t0) H(t) − Y (t, v0, t0) |, t ≥ 0. � (25)

Using (21), (22), and (24), the moving barrier S(t) is obtained as

	
S(t) = exp

(
e

−
∫ t

Z(ξ,τ) dξ
(

A +
∫ t

Y (φ, H(τ), τ) e

∫ φ
Z(ξ,τ) dξ

dφ
))

, � (26)

and the first-passage-time probability density function

	 gX(t|x0, t0) = gV (H(t), t|v0, t0).� (27)

Figure 2 shows the graph of three sample paths for a tumor size satisfying (16) with different tumor harvesting 
efforts E(t) = E, E(t) = t3/2e−t/4, and E(t) = e−(t−1)2

 using the parameters: K = e3, E = e1/7, r = 1, 
x0 = 1.5, and σ = 0.1. The graphs show the effect of different tumor harvesting effort E(t) on the growth of a 
tumor with size satisfying a stochastic Gompertz model.

Constant tumor harvesting effort
In this case, E(t) = E is the same at any given time, the tumor barrier S(t) and the explicit FPT p.d.f. gX(t|x0, t0) 
reduce to

	 S(t) = exp
(
µ + Ae−r(t−t0) + Ber(t−t0)) , � (28)

and

	
gX(t|x0, t0) = σ2

Σ3(t, t0)
√

2π
|ln x0 − µ − A − B| e−r(t−t0) exp

(
−

(
(ln x0 − µ − A)e−r(t−t0) − Ber(t−t0))2

2Σ2(t, t0)

)
, t ≥ t0,� (29)

respectively, for some arbitrary constants A and B.

Case 1: significance of barrier S(t) if harvesting effort is constant overtime and A = B = 0
In this case, E(t) is a constant and

	
µ(t) ≡ µ =

{
log K − E/r − σ2/(2r), It ô Form ,
log K − E/r, Stratonovich Form

is a constant and A = B = 0. The boundary H(t) in (28) reduces to H(t) = µ and the FPT becomes the first 
passage time τµ

V  the process V(t) reaches the mean level µ of the log tumor volume. Using (22), the barrier

Fig. 2.  Sample paths for tumor size satisfying (16) with different treatment concentrations: Itô Form.
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S(t) = eµ =

{
Ke−E/r−σ2/(2r), It ô Form ,
Ke−E/r, Stratonovich Form

� (30)

is the equilibrium where the effects of the tumor growth and treatment balance each other. It represents the 
limiting median process lim

t→∞
md(t) as defined in (18). Median tumor size is commonly used to classify patients 

into risk categories. Studies often correlate median tumor size with survival rates-patients, where those with 
tumors above the median size tend to have lower survival probabilities compared to those below the median. It 
follows from (22) that the PDF gX(t|x0, t0) of the FPT of the process x(t) through the boundary S(t) is

	

gX(t|x0, t0) = gV (µ, t|x0, t0)

= σ2

Σ3(t,t0)
√

2π
|(ln(x0) − µ)| e−r(t−t0) exp

(
− ((ln(x0)−µ)e−r(t−t0))2

2 Σ2(t,t0)

)
, t ≥ 0.

� (31)

The mean time that the tumor first reaches the size eµ is calculated in Theorem 3.

Theorem 3  If treatment intensity/harvesting effort E(t) is constant at any given time, the tumor with size x(t) 
satisfying (16) has a mean age

	
Ex0 [τeµ

X ] − t0 = 1
2r

(
π Erfi

(√
r

σ2 (ln x0 − µ)2
)

− 2r

σ2 (ln x0 − µ)2
2F2

(
{1, 1},

{3
2 , 2

}
,

r

σ2 (ln x0 − µ)2
))

� (32)

by the first time it reaches the expected initial size eµ, where Erfi (x) = 2√
π

∫ x

0 ez2
dz and 2F2 (a, b; x)is the 

hypergeometric function20. Furthermore, this time has the distribution given in (31).

Proof  The first-passage time distribution for the first time the process x(t) reaches the barrier eµ is obtained 
from (29) by setting A = B = 0. The expected time E[τeµ

X |x0] = Ex0 [τeµ

X ] the process x(t) first reaches the 
level eµ is

	

Ex0 [τeµ

X ] =
∫ ∞

0
t gX(t|x0, t0) dt,

=
√

2
π

∫ ∞

0

(
t0 − 1

2r
ln

{
z2

z2 + 2r(ln x0 − µ)2/σ2

})
e− z2

2 dz

=t0 + 1
2r

(
π Erfi

(√
r

σ2 (ln x0 − µ)2
)

− 2r

σ2 (ln x0 − µ)2
2F2

(
{1, 1},

{3
2 , 2

}
,

r

σ2 (ln x0 − µ)2
))

,

□

  
Figure 3a shows a sample path of the volume x(t) together with the barrier eµ and the first passage time the 

process x(t) crosses the barrier eµ. Here, it is assumed that the tumor harvesting effort E(t) = E is a constant, 
and K = e1, tumor harvesting effort E = e1/5, intrinsic growth rate r = 1, x0 = 1, and noise intensity 
σ = 0.1. Using the same parameters, the graph of the histogram of the first passage time τX  and the probability 
density function gX(t|x0, t0) of the first passage time the process x(t) reaches the barrier is shown in Fig. 3b. 
The constant E serves as the treatment intensity (or chemotherapy) administered in the presence of noise. The 
barrier S(t) serves as the limiting median tumor size after treatment.

Table 1 shows a comparison of simulated mean first passage time (MFPT) and the exact MFPT obtained in 
(32). The simulated MFPT is calculated by first discretizing the stochastic model (17) in the time interval [0, 15] 
using the Milstein scheme

	
xl

j+1 = xl
j + rxl

j

(
a − log(xl

j)
)

∆t + σxl
j ∆W l

j+1 + σ2

2 xl
j

((
∆W l

j+1
)2 − ∆t

)
, � (33)

where xl
j = xl(tj), ∆W l

j+1 = W l(tj+1) − W l(tj), tj = j∆t, ∆t = (15 − 0)/N , j = 1, 2, · · · , N  for 
sample size N, l = 1, 2, · · · , L for L simulations. For considerable large sample size N and large number of 
simulations L, the first time, τ l

X , the process 
{

xl(tj)
}N

j=1
 first reaches the barrier S(t) = eµ is calculated for 

l = 1, 2, · · · , L. The mean of the vector 
{

τ l
X

}L

l=1
 is now calculated as the estimated MFPT in Table 1.

The parameters used to generate Table 1 are r = 1, K = e1, E = b/5, σ = 0.1, x0 = 1, S = eµ.

Case 2: significance of barrier S(t) if tumor is harvested at a constant rate and B = 0
If E(t) is a constant, E, so that µ(t) ≡ µ is a constant and B = 0, then the moving barrier H(t) reduces to

	 H(t) = µ + Ae−r(t−t0),

where A = H(t0) − µ. For the case where H(t0) = v0, it follows from (18) that the moving barrier S(t) reduces 
to the median S(t) = md(t) of the tumor growth x(t). Knowledge of the median of a tumor growth in a given 
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patient population helps clinicians make informed decisions regarding treatment plans, deciding whether to 
consider a more aggressive or alternative treatments if a patient’s tumor grows faster than the median. This 
barrier can also represent the Treatment-Induced tumor shrinkage limits, a residual disease where treatment is 
effective but cannot eliminate all cancer cells, leaving behind a stable minimal residual tumor. It follows from 
(22) that the first time the tumor size reaches the moving median size has the probability density function

	
gX(t|x0, t0) = σ2

Σ3(t,t0)
√

2π
|(ln x0 − µ − A)| e−r(t−t0) exp

(
− (ln x0−µ−A)2e−2r(t−t0)

2Σ2(t,t0)

)
, t ≥ t0. � (34)

Theorem 4  If the tumor harvesting effort E(t) is a constant E, the tumor with size x(t) satisfying (16) has a mean 
age

	 Ex0 [τS(t)
X ] − t0 = 1

2r

(
π Erfi

(√
r

σ2 (ln(x0) − H0)2
)

− 2r

σ2 (ln(x0) − H0)2
2F2

(
{1, 1},

{3
2 , 2

}
,

r

σ2 (ln(x0) − H0)2
))

by the first time it reaches the moving barrier S(t) = exp
(
µ + (H0 − µ)e−r(t−t0)). Furthermore, this time has 

a distribution given in (34).

Proof  The first-passage time distribution for the first time the process x(t) reaches the barrier S(t) is obtained from 
(29) by setting B = 0. The expected time Ex0 [τS(t)] the process x(t) first reaches the level eµ+(H0−µ)e−r(t−t0)

 
is

	

Ex0 [τS(t)] =
∫ ∞

t0

t gX(t|x0, t0) dt

=t0 −
√

2
π

∫ ∞

t0

(
1
2r

ln
{

z2

z2 + 2r(ln(x0) − H0)2/σ2

}
e−z2/2 dz

)

=t0 + 1
2r

(
π Erfi

(√
r

σ2 (ln(x0) − H0)2
)

− 2r

σ2 (ln(x0) − H0)2
2F2

(
{1, 1},

{3
2 , 2

}
,

r

σ2 (ln(x0) − H0)2
))

.

□

Estimated and Exact Mean FPT

N L Estimated MFPT Exact Ex0 [τ eµ

X ]
3000 100000 2.5727 2.507

15000 100000 2.5287 2.507

24000 100000 2.5183 2.507

Table 1.  Comparison of estimated and exact MFPT Ex0 [τS
X ].

 

Fig. 3.  Plot of the FPT probability density function gX(t|x0, t0) and the histogram distribution of τeµ

X  (Itô 
form).
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Figure 4a shows a sample path of the process x(t) together with the barrier S(t) = exp
(

µ + (H(t0)−

µ) e−r(t−t0)), the expected tumor volume size, µX(t), and the first passage time the sample path process 
x(t) crosses the barrier. Here, K = e1, treatment effort E = e1/5, intrinsic growth rate r = 1, x0 = 1.5, 
H0 = log(1.8), and noise intensity 0.1. Using the same parameters, the graph of the histogram of the first 
passage time τS(t)

X  and the probability density function of the first passage time gX(t|x0, t0) are shown in Fig. 
4b. The constant E serves as the treatment effort.

Figure 5 is similar to Fig. 4 with the exception that the amount E = K/4 of treatment administered, is high 
enough to cause a decrease in the average tumor volume as explained in (38).

Case 3: case where treatment is administered with treatment intensity E(t) = Lt
Using (25) and (27),

	
gX(t|x0, t0) = 1

Σ(t, t0)
√

2π
|(Z(t, t0) − Z(t, τ)) H(t) + Y (t, H(τ), τ) − Y (t, V0, t0)| exp

(
− (H(t) − M(t, V0, t0))2

2Σ2(t, t0)

)
, t > 0,� (35)

where

	
M(t, v0, t0) = log(K) − σ2

2r
− L

r

(
t − 1

r

)
+

(
v0 − log(K) + σ2

2r
+ L

r

(
t0 − 1

r

))
e−r(t−t0)

and Z(t, t0), Y (t, V0, t0), and Σ(t, t0) are given in (23), with H(t) in (24) and with E(t) = Lt.
Appropriate treatment/therapy must be administered for the volume of the tumor to decrease in size. The 

tumor harvesting effort E(t) in this case is directly proportional to the time the treatment is administered. With 
an appropriate choice for L, the moving barrier S(t) can be described as a remission barrier. As shown in Fig. 6, 
the tumor is relapsing and the barrier S(t) traces a relapsing trajectory for the tumor volume. The parameters used 
here are similar to the parameters in Fig. 4, with the exception that E(t) = 15t. The barrier S(t) = exp(H(t)) 
is obtained from (24).

Calculating the time to response (TTR), partial response time (PRT), recurrence time (RCT), growth slowing time 
(GST), remission slowing time (RST), and remission time (RET)
The Time to Response (TTR) refers to the amount of time it takes for tumor to start showing signs of shrinkage 
or reduction in size after the start of treatment. Likewise, a Partial Response Time (PRT) is defined as the time 
when a significant reduction (usually at least 30%) in the size of the tumor occur. Tumor Recurrence Time 
(RT) is the first time after partial or complete remission when the tumor size crosses a predefined measurable 
threshold. We can sometimes refer to this as the Relapse Time (RET), which is the time when a tumor growth 
reappears after a period of response to treatment, regardless of whether the tumor was in partial or complete 
remission. Since the tumor size x(t) satisfying (17) is stochastic in nature, we assume TTR, RCT, and PRT are 
random and calculate the first passage probability density function for these random variables. To calculate 
the barrier for these random variables, we first calculate the first critical times t1 > 0 and t1 > 0 where the 
derivative of the expected tumor size µX(t) in (18) changes from positive to negative and from negative to 
positive, respectively. According to elementary calculus, these are the times where the expected tumor size 
reaches a local maximum and local minimum tumor sizes, respectively. The TTR, RCT, and PRT will now be 

Fig. 4.  Plot of the FPT probability density function gX(t|x0, t0) and the histogram distribution of τX .
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calculated as the first time τ > t0, τ > t1, and τ̂ > t1 that the tumor size x(t) reaches the size µX(t1), µX(t1), 
and 0.7µX(t1), respectively, for t1 < t1.

To determine when the expected tumor growth begins to slow down due to treatment effects, we calculate 
the corresponding time s1 ∈ (0, t1) when the second derivative, µ′′

X(t), of µX(t) is zero. This point is called the 
point of Inflection. For t ≥ t0, we refer to the first time that x(t) reaches the size µX(s1) as the Growth Slowing 
Time (GST). Likewise, treatment/therapy started to slowly become ineffective in mitigating the growth of the 
tumor, resulting in the slowing down of the decline in tumor growth, at the time s1 ∈ (t1, t1) where µ′′

X(t) = 0. 
For t ≥ t1, we refer to the first time that x(t) reaches the size µX(s1) as the Remission Slowing Time (RST). The 
time it takes to achieve complete remission can vary depending on cancer type, tumor regimen, and patience 
response. If µ′

X(t) < 0 for t ∈ (t1, a), a ≥ t1 + 30 days, then we say that the tumor is in remission.
Note that (27) is constructed for a barrier in which an explicit solution of an FTPD exist. In the case of TTR, 

RCT, PRT, it can be easily seen that µX(t1) and µX(t1) cannot be constructed from S(t) in (26) for any given 
treatment concentration. In this case, the FPTD for TTR, RCT, PRT, GST, and RST are calculated numerically 
from the Volterra integral equation of the second kind given in (1) as follows.

Fig. 6.  Comparison of the plot of the FPT probability density function gX(t|x0, t0) and the histogram 
distribution of τX  using E(t) = L t.

 

Fig. 5.  Comparison of the plot of the FPT probability density function gX(t|x0, t0) and the histogram 
distribution of τX .
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


gV (H(t1), t1|v0, t0) = −2ψ (H(t1), t1|v0, t0) ,

gV (H(tk), tk|v0, t0) = −2ψ (H(tk), tk|v0, t0) + 2h
k−1∑
i=1

gV (H(ti), ti|v0, t0) ψ (H(tk), tk|H(ti), ti) , k = 2, 3, · · · , � (36)

if v0 < H(t0) (the case for v0 > H(t0) can be constructed in a similar manner using (1)), where H(t) = log(S(t))
, h is the time step (T − t0)/N , the interval [t0, T ] is partitioned into {t0, t1, t2, · · · , tN = T }, tk = t0 + kh, 
k = 0, 1, 2, · · · , N , ψ(x, t|x0, t0) is given in (2) with A1 and A2 derived from (19) as A1(v, t) = r (µ(t) − v)
, A2(v, t) = σ2, and gV (tk|v0, t0) ≡ gV (H(tk), tk|v0, t0) = gX (tk|x0, t0).

Measuring adequate treatment needed to cause tumor reduction
To measure the adequate treatment required to trigger reduction in tumor growth, we want the expected tumor 
volume E[x(t)|x0] to decrease at the time the tumor is in remission. For this to happen, the relative treatment 
rate E(t) must satisfy

	

E(t0)
r

+ 1
r

∫ t

t0

E′(ε)er (ε−t0) dε ≥

{
log

(
K
x0

)
− σ2

2r

(
1 − e−r(t−t0)) , It ô Form ,

log
(

K
x0

)
+ σ2

2r
e−r(t−t0), Stratonovich Form .

� (37)

At the time the tumor is in remission, we expect the minimum amount of treatment required to satisfy (37). In 
the case where treatment concentration is constant over time, the adequate treatment concentration Ē must 
satisfy

	
Ē =

{
r log(K/x0), It ô Form ,

r
(

log(K/x0) + σ2

2r

)
, Stratonovich Form .

� (38)

In the following, using a treatment concentration satisfying E(t) = t3/2e−t/2, we obtain the critical times 
t1, t1, s1 and s1 where TTR, RCT, GST, and RST in the expected tumor growth first occur. The expected tumor 
growth and the FPTD for these random variables are plotted and compared with the exact solution obtained by 
numerically solving (1).

Figure 7a shows three sample paths for the tumor growth x(t) satisfying (17) for the Itô case using the 
parameters r = 1, K = e3, σ = 0.1, x0 = 1.5, and E(t) = t3/2e−t/2. Figure 7b shows the expected growth 
size µX(t), t ∈ [t0, T ], in (18) together with the times s1, t1, s̄1, and t1, when tumor’s growth started to slow 
down, when tumor started to show signs of shrinkage (TTR), when tumor decline starts to slow down, and when 
recurrence in the expected tumor growth first occur, respectively. Figure 7c, d show the GST and TTR first-
passage time densities gX(t|x0, t0) and their histograms for the first time the tumor size x(t), t ≥ t0, reaches the 
expected size µX(s1) and µX(t1), respectively. Likewise, Fig. 7e, f show the RST and RCT FPTD gX(t|x0, t0) 
and their histograms for the first time the tumor size x(t), t ≥ s1, reaches the expected size µX(s1) and µX(t1)
, respectively. The histograms for GST and TTR are generated for the first passage time of each sample path 
{xl

j ≡ xl(tj)}N
j=1, where t0 = 0 and l = 1, 2, · · · , L, while the histograms for RST and RCT are generated for 

the first passage time of each sample path {xl
j ≡ xl(tj)}N

j=1, where t0 = t1 and l = 1, 2, · · · , L. For all plots, 
N = 5, 000, L = 70, 000, T = 6, and ∆t = (T − t0)/N . The FPTD gX(t|x0, t0) is calculated numerically 
using (36) for the appropriate domain.

Tumor age distribution with size following stochastic analogue of generalized logistic model
In this section, we consider a tumor size x(t) satisfying a stochastic analog of generalized logistic model of the 
form

	
dx =

{ (
rx

(
b − xγ+1)

− E(t)x
)

dt + σx dW (t), x(t0) = x0 > 0, t ≥ 0, It ô Form ,(
rx

(
b − xγ+1)

− E(t)x
)

dt + σx ◦ dW (t), x(t0) = x0 > 0, t ≥ 0, Stratonovich Form ,
� (39)

for γ ≥ −1. The tumor dynamics (39) reduce to the Itô model

	 dx = rx
(
a(t) − xγ+1)

dt + σx dW (t),� (40)

where

	
a(t) =

{
b − E(t)

r
, It ô Form ,

b − E(t)
r

+ σ2

2r
, Stratonovich Form .

Case γ = −1
The case where γ = −1 reduces to the scenario where the tumor volume satisfies a Geometric Brownian model 
of the form

	 dx = r (a(t) − 1) x dt + σx dW (t) x(t0) = x0 > 0.� (41)
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Model (41) is considered for the case where a(t) ̸= 1. For this case, the function ψ(S(t), t|S(τ), τ) and the 
time-dependent barrier S(t) for which the first-passage-time probability density function is explicitly obtained 
have been fully explored in the work of Jáimez11. It can be shown, following (7), that the barrier S(t) satisfies

	
S(t) = A exp

(
(B − r) t + r

∫ t

a(ξ) dξ

)
,� (42)

for some constants A and B. Let τX = inf{t ≥ 0 x(t) = S(t)} be the first passage time the process x(t) reaches 
the barrier S(t). The first-passage-time probability density function g(S(t), t|x0, t0) is obtained as

	

g(S(t), t|x0, t0) =

∣∣log S(t0)
x0

∣∣
σ

√
2π(t − t0)3/2

exp


−

(
log

(
S(t)
x0

)
− r

∫ t

t0
a(ξ)d ξ +

(
r + σ2

2

)
(t − t0)

)2

2σ2(t − t0)


 , t > 0,� (43)

Significance of the barrier S(t) for the case where treatment is administered at a constant 
rate, E
For this case, the treatment E(t) ≡ E is a constant and the expected tumor volume satisfying (41) is

	 µX(t) = E[x(t)|x0] = x0 exp (r(a − 1)(t − t0)) .

With this, the barrier S(t) can be described in terms of the expected tumor volume as

	
S(t) = AeB

x0
µX(t).

Theorem 5  Provided that treatment is administered at a constant rate, E, the first time that a tumor with volume 
x(t) satisfying (41) reaches the barrier S(t) follows the probability density function

	

g(S(t), t|x0, t0) =

∣∣log S(t0)
x0

∣∣
σ

√
2π(t − t0)3/2

exp


−

(
log

(
S(t)
x0

)
−

(
r(a − 1) − σ2

2

)
(t − t0)

)2

2σ2(t − t0)


 , t > t0.� (44)

The tumor’s mean age at this time is

Fig. 7.  Plot of the FPTD gX(t|x0, t0) and the histogram distribution of GST, TTR, RST, and RCT using 
E(t) = t3/2e−t/2.
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Ex0 [τS(t)

X ] − t0 =
2

∣∣log S(t0)
x0

∣∣
|2B + σ2| .� (45)

Proof  The result follows from (2) and (7), where A1(x) = r(a − 1)x, A2(x) = σ2x2, and 
g(S(t), t|x0, t0) = 2|ψ(S(t), t|x0, t0)|. □

Figure 8a shows a sample path of the Stratonovich Geometric brownian process x(t) satisfying (41) together 
with the barrier S(t) for the case where x0 = 1.5, A = 2x0, B = −r(a − 1), b = e1, r = 1, σ = 0.3, and 
E = b/5. Figure 8b shows the first-passage-time histogram and the corresponding probability density function 
for the first time the tumor volume x(t) doubles in size, defined as S(t) = A = 2x0. The tumor doubling time 
(TDT) provides a quantitative measure of tumor growth dynamics, where a shorter TDT indicates rapid tumor 
proliferation, often associated with aggressive cancer types, while a longer TDT suggests slower tumor growth, 
indicative of less aggressive tumors. Estimating the TDT allows clinicians to characterize tumor behavior, assess 
treatment response, and adjust therapeutic strategies to improve patient outcomes.

Similar to Fig. 8, Fig. 9a shows a sample path of the Stratonovich Geometric Brownian process x(t) satisfying 
(41) for the case where A = 30, B = 0.7, b = e1, r = 1, σ = 0.3, x0 = 55, and E = b/5. Figure 9b are the 
first-passage-time histogram and probability density function, respectively, for the first time the process x(t) first 
reaches the barrier S(t) in (42).

Figure 10 is obtained using the parameters A = 30, B = 0.2, b = e1, r = 1, σ = 0.3, x0 = 55, E = 2, and 
the barrier S(t) in (42). As described above, if the derivative of the tumor average size µX(t) = E [x(t)|x0] is 
negative delete for t ∈ (t1, a), a ≥ t1 + 30 days, where t1 is a critical point where local maximum occur, then 
we say that the tumor is in remission. We see from Fig. 10a that µ′

X(t) < 0 for all time t > 0, so this figure 
describes a scenario where a tumor is in remission.

Case γ > −1 : constant treatment rate
Define

	

θ = 2r
(γ+1)σ2 ,

ω = 1
γ+1

(
2ar
σ2 − 1

)
,

β = r(γ + 1),
� (46)

and assume

	 ω > 0.� (47)

We give a theorem for the average age, Ex0 [τX ], of the tumor in Theorem 6 below.

Theorem 6  If treatment is administered at a constant rate, E, the average age that a tumor with volume x(t) satis-
fying (39) first reaches the size S0 is obtained as

	

Ex0 [τX ] =





l (S0, x0) , if ω > 0, x0 < S0,

l (x0, S0) + 2Γ(ω)
σ2(γ+1)2|ω|

[
M(−ω,1−ω;θx

γ+1
0 )

(θx
γ+1
0 )ω − M(−ω,1−ω;θS

γ+1
0 )

(θS
γ+1
0 )ω

]
, if ω ∈ (0, ∞) \ {1, 2, · · · }, x0 > S0,

2
σ2(γ+1)2 (ω − 1)!

(
ω∑

j=1

1
j (ω−j)!(θx

γ+1
0 )j −

ω∑
j=1

1
j (ω−j)!(θS

γ+1
0 )j

)
, if ω ∈ {1, 2, · · · }, x0 > S0,

� (48)

Fig. 8.  Plot of the FPT probability density function gX(S(t), t|x0, t0) and the histogram distribution of τS(t)
X .
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where

	
l (x, y) = 2

σ2(γ + 1)2|ω|

[
(γ + 1) ln

(
y

x

)
+

∞∑
n=1

1
(1 + ω)n

(θyγ+1)n − (θxγ+1)n

n

]
,� (49)

and M(α, β; x) is the Kummer function20–22.

Proof  For γ > −1, the process

	 z(t) = θ x(t)γ+1.

satisfies the logistic stochastic differential equation

	
dz = β

θ
z (ω + 1 − z) dt + σ(γ + 1)z dW (t).� (50)

Fig. 10.  Comparison of gX(S(t), t|x0, t0) and the histogram distribution of τS(t)
X  for tumor declining in 

average.

 

Fig. 9.  Plot of the FPT probability density function gX(S(t), t|x0, t0) and the histogram distribution of τS(t)
X .
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As shown in Appendix A, Theorem 10, the process x(t) is recurrent if and only if ω > 0. It follows that 
the first passage time τX  of the process x(t) through the barrier S0 is equivalent to the first passage time 
τZ = inf{t ≥ 0 z(t) = θ Sγ+1

0 } of the process z(t) through the barrier θSγ+1
0 . The mean of the first passage 

time, τY , that a logistic process y(t) satisfying

	 dy = y (α1 − α2 y) dt + α3 y dW (t), y(t0) = y0

reaches the level ϵ > 0 is obtained in the work of Giet et al.23 as

	
Ey0 [τY ] = 1

α2
3|q|

[
ln

(
ϵ

y0

)
+

∞∑
n=1

1
(1 − 2q)n

(ρϵ)n − (ρy0)n

n

]
if y0 < ϵ,� (51)

where (a)n is the Pochammer function, q = 1
2 − α1

α2
3

, ρ = 2α2
α2

3
. The result follows by setting α1 = β(ω + 1)/θ

, α2 = β/θ, α3 = σ(γ + 1), y0 = z0 = θxγ+1
0 , ϵ = θSγ+1

0 , and noting that q = −ω/2 < 0, ρ = 1. The result 
for the case where x0 > S0also follows from23. □
Table 2 shows a comparison of simulated mean first passage time (MFPT) and the exact MFPT obtained in (65). 
The simulated MFPT is calculated by first discritizing the stochastic model (40) in the time interval [0, 3] using 
the Milstein scheme as:

	
xl

j+1 = xl
j + rxl

j(a − (xl
j)γ+1)∆t + σxl

j ∆W l
j+1 + σ2

2 xl
j

((
∆W l

j+1
)2 − ∆t

)
, � (52)

where xl
j = xl(tj), ∆W l

j+1 = W l(tj+1) − W l(tj), tj = j∆t, ∆t = (3 − 0)/N , j = 1, 2, · · · , N  for sample 
size N, l = 1, 2, · · · , L for L simulations. For considerable large sample size N and large number of simulations 
L, the first time, τ l

X , the process 
{

xl(tj)
}N

j=1
 first reaches the barrier S0 is calculated for l = 1, 2, · · · , L. The 

mean of the vector 
{

τ l
X

}L

l=1
 is now calculated as the estimated MFPT in Table 2.

The parameters used to generate Table 2 are r = 1, γ = 0.2, b = eγ+1, E = b/5, σ = 0.3, x0 = 1.5, 
S0 = 1.8.

Generalized logistic model with fluctuations in growth rate
Here, we study a special stochastic analog of the generalized logistic model of the form

	 dx =
(
rx

(
b − xγ+1)

− Ex
)

dt + σx
(
b − xγ+1)

◦ dW (t), x(t0) = x0 > 0, t ≥ 0, Stratonovich Form .� (53)

As discussed in the work of Otunuga13, this model arises as a result of fluctuations in the intrinsic growth rate of 
the population x(t) satisfying the general deterministic logistic model of the form

	 dx =
(
rx

(
b − xγ+1)

− Ex
)

dt, x(t0) = x0 > 0.

The model can be re-written as

	 dx = rx
(
a − xγ+1)

dt + σx
(
b − xγ+1)

◦ dW (t), x(t0) = x0 > 0, t ≥ 0,� (54)

where

	 a = b − E/r.� (55)

Let τS(t)
X = inf{t ≥ 0 x(t) = S(t)} be the first passage time the volume of a tumor x(t) satisfying (53) reaches 

a moving barrier S(t). We give a theorem for the average age, Ex0 [τS(t)
X ], of the tumor volume.

Case where γ = −1
In this case, model (54) reduces to

Estimated and Exact Mean FPT: 
x0 < S0

N L Estimated MFPT Exact Ex0 [τX ]
15000 70000 0.2019 0.19806

30000 70000 0.2007 0.19806

61000 70000 0.1986 0.19806

Table 2.  Comparison of estimated and exact MFPT Ex0 [τX ].
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dx = rx

(
(a − 1) + σ2

2 (b − 1)2
)

dt + σx (b − 1) dW (t), x(t0) = x0 > 0, t ≥ 0,� (56)

The barrier S(t) can be explicitly derived as

	
S(t) = A exp

([
B + r

(
(a − 1) + σ2

2 (b − 1)2
)]

t

)
,� (57)

for some constants A and B.

Theorem 7  The first time that a tumor with volume x(t) satisfying (56) first reaches the barrier S(t) follows the 
probability density function

	
g(S(t), t|x0, t0) =

∣∣log S(t0)
x0

∣∣
σ(b − 1)

√
2π(t − t0)3/2

exp

(
−

(
log

(
S(t)
x0

)
− r(a − 1)(t − t0)

)2

2σ2(b − 1)2(t − t0)

)
, t > t0.� (58)

The tumor’s mean age at this time is

	
Ex0 [τS(t)

X ] − t0 =
2

∣∣log S(t0)
x0

∣∣
|2B + σ2(b − 1)2| ,� (59)

where S(t) is as described in (57).

Proof  The proof is similar to the one given in Theorem 5. □

Case where γ > −1  with a = b
For γ > −1, and in the case of no treatment/harvesting (that is, a = b) with x ∈

(
0, b1/(γ+1)), the process

	
u(t) = x(t)(γ+1)

b − x(t)(γ+1)

satisfies the Geometric Brownian stochastic differential equation

	
du = (γ + 1)

(
br + b2σ2

2 (γ + 1)
)

u dt + bσ(γ + 1)u dW (t), u(t0) = u0.� (60)

The moving barrier h(t) for which the first-passage-time probability for the first time the process u(t) reaches 
the barrier h(t) is obtained as

	
h(t) = A exp

([
B + (γ + 1)

(
ar + b2σ2

2 (γ + 1)
)]

(t − t0)
)

,� (61)

for some constants A > 0 and B. It can be shown that h(t) is a constant multiple of the expected value E[u(t)|u0]. 
Let τu = inf{t ≥ 0 u(t) = h(t)} be the first passage time the process u(t) reaches the barrier h(t). Since u(t) > 0 

almost surely, the process τu is equivalent to the first passage time τS(t)
X = inf

{
t ≥ 0 x(t) =

(
b h(t)

1+h(t)

) 1
γ+1

}
 

the process x(t) reaches the barrier

	
S(t) =

(
b h(t)

1 + h(t)

) 1
γ+1

.� (62)

Theorem 8  The first time that a tumor with volume x(t) satisfying (54) (with a = b) first reaches the barrier S(t) 
in (62) follows the probability density function

	
gX(S(t), t|x0, t0) =

∣∣log h(t0)
u0

∣∣
σ b (γ + 1)

√
2π(t − t0)3/2

exp

(
−

(
log

(
h(t)
u0

)
− b r(γ + 1)(t − t0)

)2

2σ2(γ + 1)2b2(t − t0)

)
, t > t0.� (63)

The mean tumor age is

	
Ex0 [τX ] − t0 =

2
∣∣log S(t0)

x0

∣∣
|2B + σ2(γ + 1)2b2| ,� (64)
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where u0 = x
(γ+1)
0

b−x
(γ+1)
0

.

Proof  The result follows from showing that the distribution of τu is the same as the distribution of τx. □

Figures 11 and 12 confirm the result obtained in Theorem 8 using B = −(γ + 1)
(

ar + b2σ2

2 (γ + 1)
)

 

and B = −0.5(γ + 1)
(

ar + b2σ2

2 (γ + 1)
)

, respectively, with parameters r = 1, γ = 0.2, b = e1, E = 0

, σ = 0.3, x0 = 1.5, and A = 3. The case B = −(γ + 1)
(

ar + b2σ2

2 (γ + 1)
)

 results in a constant barrier. 

For appropriate value of A, the constant barrier can help quantify the time dynamics of tumor progression or 
resistance emergence, offering critical insights for treatment strategies and prognosis. Depending on the values 
of A and B, the moving barrier S(t) in (62) represents a dynamically adjusted tumor burden limit based on 
patient-specific responses to treatment.

Case a ̸= b
Theorem 9  If a ̸= b and γ > −1, the average age that a tumor with volume x(t) satisfying (53) first reaches the 
size S0 is obtained as

	

Ex0 [τX ] =




l (S0, x0) , if q < 0, x0 < S0,

l (x0, S0) + Γ(−2q)
b2σ2(γ+1)2|q|

[
M(2q,1+2q;u0)

(ρ u0)
2ar

b2σ2(γ+1)
− M(2q,1+2q;ϵ∗)

(ρ ϵ∗)
2ar

b2σ2(γ+1)

]
, if 2q ∈ (−∞, 0) \ {−1, −2, · · · }, x0 > S0,

2
b2σ2(γ+1)2 (w − 1)!

(
w∑

j=1

1
j (w−j)!(ρ u0)j −

w∑
j=1

1
j (w−j)!(ρ ϵ∗)j

)
, if 2q = −w ∈ {−1, −2, · · · }, x0 > S0,

� (65)

where u0 = u(x0), ϵ∗ = u(S0),

	

ρ = 2r
bσ2(γ+1)

(
1 − a

b

)
,

q = − ar
b2σ2(γ+1) ,

u(x) = x(γ+1)

b−x(γ+1) ,

l (x, y) = 1
b2σ2(γ+1)2|q|

[
ln

(
u(x)
u(y)

)
+

∞∑
n=1

ρn

(1−2q)n

(u(x))n−(u(y))n

n

]
,

� (66)

Proof  For γ ̸= −1, a ̸= b, the process

	
u = x(γ+1)

b − x(γ+1)

satisfies the logistic stochastic differential equation

Fig. 11.  Plot of the FPT probability density function gX(S(t), t|x0, t0) and the histogram distribution of 
τ

S(t)
X  for case a = b.
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du = u

(
(γ + 1)

(
ar + b2σ2

2 (γ + 1)
)

− r(γ + 1)(b − a)u
)

dt + bσ(γ + 1)u dW (t), u(t0) = u0.� (67)

The first passage time τ ϵ
X  the process x(t) reaches the barrier ϵ is equivalent to the first passage time 

τ ϵ∗
u = inf {t ≥ 0 u(t) = ϵ∗} the process v(t) reaches the barrier ϵ∗ = ϵγ+1

b−ϵγ+1 . The remainder of the result 
follows from Theorem 6. □
The parameters used to generate Table 3 are r = 1, γ = 0.2, b = eγ+1, E = b/5, σ = 0.3, x0 = 1.5, S0 = 1.8
. The table shows that the estimated MFPT derived by taking the mean of the first time {τ l

X}L
l=1 the process 

{xl(tj)}N
j=1 (derived as a Milstein discretized solution of (54)) reaches the boundary S0 is converging to the 

exact average derived in (65) for large sample size N and large number of simulations L.

Results
Application to lung tumor growth
The work done here is applied to two different data. First, we apply the data to calculate the first passage time 
that tumor volume from the number of Murine Lewis lung Carcinoma (LLC) cells24,25 in a C57BL/6 mouse first 
reaches a certain barrier. The data used in this study are published data from the work of Benzekry et al.24,25. The 
lung tumor cells were collected by subcutaneously implanting anesthetized 6 to 8-week-old C57BL/6 mice on the 
caudal half of the back. Tumor size was measured regularly over time, spanning 4 to 22 days. The data consist of 
identifier IDs for each of 20 control mice, the time of day the tumor measurement was taken after implantation, 
and the volume of the lung tumor in the range of 14-1492 mm3. Also, we apply the work done here to tumor 
volume experiments on 8 control mice in the work of Daskalakis26. Here, the flank of n = 37 nude mice was 
implanted with the cells from a human glioma cell line and a subcutaneous tumor (xenograft) was allowed to 
grow. For comparison purposes, we refer to models (3), (16), (39), and (53) as models 1, 2, 3, and 4, respectively. 
Since these data are control experimental data without treatment, we set E = 0and use models 1, 3, and 4 for 
the data analysis. The parameters in the models are estimated by fitting the models to these experimental lung 
tumor data using Conditional Least Squares Estimation scheme27. These estimates are then used to calculate the 
average age that the volume of the lung tumor first double in size.

These ages (in days) are recorded in Table 4. It is calculated for each of the specimen in the experimental 
data24–26 by subtracting the initial time t0 from the average first passage time the volume reaches the size 2x0.

Estimated and exact mean FPT: 
x0 < S0

N L Estimated MFPT Exact Ex0 [τ ϵ
X ]

6000 100000 0.2091 0.2008

27000 100000 0.2040 0.2008

39000 100000 0.2021 0.2008

Table 3.  Comparison of estimated and exact MFPT Ex0 [τX ].

 

Fig. 12.  Plot of the FPT probability density function gX(S(t), t|x0, t0) and the histogram distribution of 
τ

S(t)
X  for case a = b.
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The exact and estimated tumor sizes for the 20 experimental control data in Benzekry et al.24,25 are given in 
Fig. 13. Likewise, exact and estimated tumor sizes for the 9 experimental control data in the work of Daskalakis26 
are given in Fig. 14. The Root-Mean-Square Error (RMSE) for each estimation is given in Appendix Table B.5.

Discussion
The evaluation of the efficacy of anti-cancer therapies is a critical component in understanding cancer treatment 
outcomes, particularly in assessing the time it takes for a tumor to enter remission. One of the most informative 
ways to measure treatment efficacy is by evaluating the time at which the tumor first reaches certain oncological 
time metrics, typically measured by a significant change in tumor volume. This time is statistically captured 
using the concept of the First Passage Time (FPT) and its associated First Passage Time Distribution (FPTD).

In the context of tumor growth and therapy response, the threshold or barrier is often not static but rather 
dynamic, evolving with time as a result of ongoing treatment or tumor response mechanisms. This evolving 
threshold is referred to as a moving barrier, which may shrink or expand depending on the treatment’s impact 
or the tumor’s natural progression. The formulation of a closed-form solution for the FPTD depends on the 
structure of the moving barrier and the underlying stochastic model governing tumor growth. In particular, 
obtaining a closed-form expression for the FPTD requires a deep understanding of the probabilistic behavior 
of the tumor volume and the interaction between the tumor’s stochastic dynamics and the shifting barrier. The 
complexity of this problem arises because the tumor’s progression is influenced by multiple random factors, such 
as genetic mutations, microenvironmental fluctuations, immune response variability, and drug interactions, 
making deterministic models insufficient for accurate prediction.

In this study, we construct and analyze stochastic models that describe the tumor volume at any given time 
with or without therapeutic intervention. These models incorporate random fluctuations in tumor growth (often 
modeled using stochastic differential equations), which capture the inherent uncertainties in tumor progression 
and treatment response. By examining these stochastic models, we derive a corresponding moving barrier for 
tumor volume, which represents the evolving size threshold. A major contribution of this work lies in obtaining 
a closed-form expression for the FPTD for the first time the tumor size reaches the moving barrier. This closed-
form solution is crucial as it allows for the direct computation of the probability that remission occurs within 
a specific time frame, given the initial tumor size and the characteristics of the treatment. The derived FPTD 
also provides insight into the distribution of time intervals in which oncological occurences can be expected, 
allowing for probabilistic predictions about treatment success.

To validate the derived FPTD models and their predictions, we apply them to experimental data from Murine 
Lewis Lung Carcinoma (LLC) models reported in the work of Benzekry et al.24,25and tumor volume experiments 
conducted by Daskalakis26. The LLC data provide a suitable test case as it represents fast-growing tumors with 
no therapeutic intervention, allowing us to evaluate the predictive power of the FPTD model.

LLC data in24,25 Lung tumor in26

ID x0 Model 1 Model 3 Model 4 ID x0 Model 1 Model 3 Model 4

E[τ S0
X

(t)] − t0 E[τX (t)] − t0 E[τ S0
X

(t)] − t0 E[τ S0
X

(t)] − t0 E[τX (t)] − t0 E[τ S0
X

(t)] − t0

0 50.02 0.27 1.86 2.34 101 41.80 2.28 2.51 3.19

1 54.89 2.90 3.30 2.23 102 79.40 0.74 4.88 2.71

2 89.23 2.60 2.38 3.23 103 44.80 4.80 2.96 2.14

3 55.35 3.37 3.34 3.84 104 67.70 3.07 3.18 2.76

4 68.81 3.64 3.84 2.19 105 54.70 5.02 1.00 0.74

5 46.50 0.77 2.07 0.50 106 60.00 3.52 3.45 2.83

6 94.73 2.34 2.96 1.87 107 46.80 4.00 2.15 1.79

7 201.17 2.60 2.36 2.63 108 49.40 2.76 0.63 0.26

8 18.57 0.23 1.84 2.21

9 26.88 0.02 1.94 2.31

10 13.99 0.81 1.69 2.48

11 109.37 0.93 3.50 3.47

12 49.28 3.53 0.85 1.10

13 69.90 3.68 2.83 1.21

14 34.16 2.20 1.79 1.28

15 67.36 4.36 2.92 1.14

16 95.99 0.51 1.87 2.18

17 70.74 2.52 1.56 1.95

18 105.73 1.74 1.42 2.38

19 68.88 3.14 2.68 1.04

Table 4.  Doubling age (in days) for volume of lung tumor in24,25and Daskalakis26.
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Fig. 13.  Estimation of the volume of lung tumor in24,25 using models 1, 2, 3, and 4.

 

Scientific Reports |        (2025) 15:14941 22| https://doi.org/10.1038/s41598-025-95475-z

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


Data availability
The data used in this study are published data and can be found in the work of Benzekry et al.24,25 ​(​​​h​t​t​p​:​/​/​d​o​i​.​o​r​
g​/​1​0​.​1​3​7​1​/​j​o​u​r​n​a​l​.​p​c​b​i​.​1​0​0​3​8​0​0​​​​ and https://doi.org/10.5281/zenodo.3572401) and Daskalakis26 ​(​​​h​t​t​p​s​:​/​/​w​w​w​.​c​
a​u​s​e​w​e​b​.​o​r​g​/​t​s​h​s​/​t​u​m​o​r​-​g​r​o​w​t​h​/​​​​​)​.​​
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